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1 Units and Constants
1J
c2 = 1.11E−17 kg = 6.24E18 eV

1u = 1.66E−27 kg = 931.49MeV
c2

1eV = 1.6E−19 J = 1.6E−19CV
1 eV
c2 = 1.78E−38 kg 1 eV

c = 5.34E−28 kgm s−1

h = 6.626E−34m2 kg s−1 ℏ = 1.055E−34m2 kg s−1

ε0 = 8.854E−12Fm−1 µ0 = 1.257E−6mkg s−2 A−2

kB = 1.38E−23 JK−1 ke ≡ (4πε0)
−1 = 8.99E9Nm2 C−2

b = 2.897E−3Km σ = 5.67WKm−1

R∞ = 1.097E7m−1 a0 ≡ ℏ2

mekee2
= 0.0529 nm

e = 1.602E−19C c0 = 3.00E8m s−1

me = 4.109E−31 kg mp = 1.673E−27 kg

µB ≡ eℏ
2me

= 9.274E−24 JT−1

2 Special Relativity
(∆s′)2 = (c∆t)2 − (∆x)2 = (∆s)2

2.1 Galilean Transform
x′ = x− v⃗t y′ = y z′ = z t′ = t m′ = m v⃗′x = v⃗x − v⃗F

2.2 Lorentz Transform

t = γt′ γ ≡ 1√
1− v⃗2

c2

{ v⃗c ≪ 1} : γ ≈ 1 + v⃗2

2c2 ℓ = ℓ′

γ

x′ = γ(x− v⃗t) y′ = y z′ = z t′ = γ
(
t− v⃗x

c2

)
v⃗′x = v⃗x−v⃗F

1− v⃗xv⃗F
c2

v⃗′y =
v⃗y

γ
(
1− v⃗xv⃗F

c2

) v⃗′z =
v⃗z

γ
(
1− v⃗xv⃗F

c2

)
x = γ(x′ − v⃗t′) y = y′ z = z′ t = γ

(
t′ + v⃗x′

c2

)
v⃗x =

v⃗′x+v⃗F

1+
v⃗′
xv⃗F
c2

f =

√
1+ v⃗

c√
1− v⃗

c

f ′

2.3 Relativistic Momentum and Energy

P⃗ = γmv⃗ F⃗ = γ3ma⃗ E = γmc2

Ek = E −mc2 { v⃗c ≪ 1} : Ek = P⃗ 2

2m v⃗ = c
√
1− ( Ek

mc2 + 1)−2

E2 = P⃗ 2c2 + (m0c
2)2

3 Electromagnetic Waves
Ey(x, t) = E0 cos(kx− ωt+ ϕ0)
Bz(x, t) = B0 cos(kx− ωt+ ϕ0)
k = 2π

λ ω = 2πf v⃗ϕ = ω
k = λf = c T = 1

f

E = hf = P⃗ c P⃗ = h
λ λ = h

mv⃗

S⃗ = E⃗×B⃗
µ0

P = |S⃗|2
c = |E0|2

2µ0c2
Ee =

|E0|2
2µ0c

3.1 Quantum Theory of Light
Ee = σT 4εΩ

uf = 8πhf3

c3

(
e

hf
kBT − 1

)−1

Oscillator: ⟨E⟩ = kBT ⟨E⟩ = hf

e
hf
kBT −1

Photoelectric effect: Ek,max = eVstop = hf − ϕ f0 = ϕ
h

Bragg equation: nλ = 2δ sin θ n ∈ N λmin = hc
eV

Compton effect: λ′ − λ0 = h
cme

(1− cos θ)

E′
γ = Eγ

[
1 +

Eγ

c2me
(1− cos θ)

]−1

4 Matter Particles
1
λ = Z2R∞

(
1
n2
2
− 1

n2
1

)
En = −kee

2

2a0
Z2

n2 n ∈ N

L⃗ = mev⃗Rn = nℏ Rn = a0n
2

Z

5 Matter Waves
λ = h

P⃗
f = E

h Ek = P⃗ 2

2m ω = E
ℏ P⃗ = ℏk

v⃗ϕ = ω
k = fλ = E

P⃗
= c

√
1 +

(
mc
ℏk

)2
v⃗g =

dω
dk

∣∣
k0

= v⃗ϕ
∣∣
k0

+ k
dv⃗ϕ
dk

∣∣
k0

Fourier integrals: f(x) = 1√
2π

� +∞
−∞ a(k)eikx dk

Amp. distribution: a(k) = 1√
2π

� +∞
−∞ f(x)e−ikx dx

Signal strength: V (t) = 1√
2π

� +∞
−∞ g(ω)eiωt dω

Spectral content: g(ω) = 1√
2π

� +∞
−∞ V (t)e−iωt dt

f(x, t) = 1√
2π

� +∞
−∞ a(k)ei(kx−ωt) dk

∆P⃗x∆x ≥ ℏ
2 ∆E∆t ≥ ℏ

2 ∆k∆x ≥ 1
2 ∆ω∆t ≥ 1

2
ΨΨ∗ = |Ψ|2
Ψ1 ∨Ψ2 = |Ψ1|2 + |Ψ2|2
Ψ1 ∧Ψ2 = |Ψ1 +Ψ2|2 = |Ψ1|2 + |Ψ2|2 + 2|Ψ1||Ψ2| cosϕ

6 Quantum Mechanics in 1 Dimension
φ(x) = |Ψ(x, t)|2 |Ψ(x, t)|2 = Ψ∗(x, t)Ψ(x, t)dx

P(a < x < b) =
� b
a
φ(x)dx P(−∞ < x <∞) = 1

Ψk(x, t) = Aeı(kx−ωt) = A[cos(kx− ωt) + ı sin(kx− ωt)]

− ℏ2

2m
∂2Ψ(x,t)
∂x2 + Ep(x)Ψ(x, t) = ıℏ∂Ψ(x,t)

∂t
{Ψ(x, t) = ψ(x)ϕ(t), ψ(x) = eıkx, ϕ(t) = e−ıωt} :

− ℏ2

2m
∂2ψ(x)
∂x2 + Ep(x)ψ(x) = Eψ(x)

|Ψ(x, t)|2 = |ψ(x)|2

6.1 Particle in a Box
ψ(x) = A sin kx+B cos kx = Aeıkx +Beıkx ψ(0), ψ(ℓ) = 0

En = n2π2ℏ2

2mℓ2 ψn(0 < x < ℓ) =
√

2
ℓ sin

(
nπx
ℓ

)
n ∈ N

6.2 Expectation Values and Operators
Observable: ⟨x⟩ =

� +∞
−∞ Ψ∗xΨdx σ =

√
⟨x2⟩ − ⟨x⟩2

Operator: ⟨X⟩ =
� +∞
−∞ Ψ∗[X]Ψdx

Observable Operator Observable Operator
x x H Ep(x)− ℏ2

2m
∂2

∂x2

Ek − ℏ2

2m
∂2

∂x2 P⃗ ℏ
ı
∂
∂x

Ep Ep(x) E iℏ ∂
∂t

7 Tunnelling
Ψ(x, t)|x=0 = Aeı(kx−ωt)︸ ︷︷ ︸

incident

+Beı(−kx−ωt)︸ ︷︷ ︸
reflected

Ψ(x, t)|x=ℓ = Ceı(kx−ωt)︸ ︷︷ ︸
transmitted

R ≡ |B|2

|A|2 T ≡ |C|2

|A|2 R+ T = 1

T (E) = 1

1+
E2

p
4E(Ep−E)

sinh2 αℓ
α ≡

√
2m(Ep−E)

ℏ δpen = 1
α

7.1 α Decay

T (E) = e

(
−4πZ

√
E0
E +8

√
ZR
r0

)
E0 ≡ ke2

2r0
= 0.0993MeV

r0 ≡ ℏ2

mαke2
= 7.25 fm mα = 7295me

λ = fT (E) f = v⃗α
2R = 10E21 s−1

N(t) = N0e
−t
τ = N0e

−λt {N/N0 = 0.5} : t1/2 = ln 2
λ

8 Quantum Mechanics in 3 Dimensions
8.1 Cartesian Coordinates
Laplacian: ∇2 = ∂2

∂x2
1
+ ∂2

∂x2
2
+ ∂2

∂x2
3

− ℏ2

2m∇2ψ(r) + Ep(r)ψ(r) = Eψ(r) r = ⟨x1, x2, x3⟩
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{Ep = 0} : ψ(r) = ψ1(x1)ψ2(x2)ψ3(x3) E =

∑
i−

ℏ2

2mψi

∂2ψi

∂x2
i

− ℏ2

2m∇2Ψ(r, t) + Ep(r)Ψ(r, t) = iℏ∂Ψ∂t
Ψ(r, t) = A sin(k1x1) sin(k2x2) sin(k3x3)e

−ıωt 0 < xi < ℓ

8.1.1 Particle in a Box
E = 1

2m (|P⃗x|2 + |P⃗y|2 + |P⃗z|2) |P⃗i| = ni
πℏ
ℓ ni ∈ N

E = π2ℏ2

2mℓ2 (n
2
1 + n22 + n23)

8.2 Spherical Coordinates

∇2 = ∂2

∂r2 + 2
r
∂
∂r +

1
r2

(
∂2

∂θ2 + cot θ ∂∂θ + csc2 θ ∂2

∂ϕ2

)
r = ⟨r, θ, ϕ⟩ ψ(r) = R(r)Θ(θ)Φ(ϕ)
Hydrogen-like ion:
Ψ(r, θ, ϕ, t) = Rnℓ(r)Y

mℓ

ℓ (θ, ϕ)e−ıωt

ψ(r, θ, ϕ) = Rnℓ(r)Y
mℓ

ℓ (θ, ϕ)

|L⃗| =
√
ℓ(ℓ+ 1)ℏ Lz = mℓℏ

ℓ ∈ N∗ 0 ≤ ℓ ≤ n− 1 mℓ ∈ Z − ℓ ≤ mℓ ≤ ℓ

9 Atomic Structure
µ⃗ = q

2m L⃗ µz = −µBmℓ

UM = −µ⃗ · B⃗ UM = ℏωLmℓ ωL = e|B⃗|
2me

Sz = sℏ |S⃗| =
√
3
2 ℏ µ⃗S = − e

me
S⃗
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